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Abstract. Let k = F q (T ) and A = F q [T ] . Fix a prime divisor of q − 1. In this paper, we consider a -cyclic real function field k( √ P ) as a subfield of the imaginary bicyclic function field K = k( √ P , √ −Q), which is a composite field of k( √ P ) with a -cyclic totally imaginary function field k( √ −Q) of class number one, and give various conditions for the class number of k( √ P ) to be one by using invariants of the relatively cyclic unramified extensions K/F i over -cyclic totally imaginary function field F i = k( −P i Q) for 1 ≤ i ≤ − 1.
Introduction
Gauss has conjectured that there exist infinitely many real quadratic fields of class number one, which is now still unsolved. In [9] , in connection with this Gauss' conjecture, Yokoi considered a real quadratic field Q( √ p), where p is a prime number with p ≡ 1 mod 4, as a subfield of the imaginary biquadratic field K = Q( √ p, √ −q), which is a composite field of Q( √ p) with an imaginary quadratic field Q( √ −q) of class number one, and gave various conditions for the class number of Q( √ p) to be one by using invariants of the relatively cyclic unramified extension K/F over imaginary quadratic field F = Q( √ −pq). In this paper we extend Yokoi's result to the imaginary bicyclic function field case. Let k = F q (T ), the rational function field with constant field F q , and A = F q [T ] . Fix a prime divisor of q − 1. For a monic prime P ∈ A, if | deg P , then k( √ P ) is the unique -cyclic real subfield of K + P , where K + P is the maximal real subfield of the P -th cyclotomic function field K P . Otherwise k( √ −P ) is the unique -cyclic totally imaginary subfield of K P . In this paper, we consider acyclic real function field k( √ P ) as a subfield of the imaginary bicyclic function
, which is a composite field of k( √ P ) with a -cyclic totally imaginary function field k( √ −Q) of class number one, and give various conditions for the class number of k( √ P ) to be one by using invariants of the relatively cyclic unramified extensions K/F i over -cyclic totally imaginary function field F i = k( −P i Q) for 1 ≤ i ≤ − 1. When = 2 (q is odd) our result is a function field analog of Yokoi's result.
Notations and preliminary results
Let F be a global function field with constant field F q and S ∞ (F ) be a fixed finite set of primes of F . For any finite separable extension K/F , we denote by S ∞ (K) the set of primes of K which are extensions of primes in S ∞ (F ). Let O K be the ring of functions in K whose poles are in S ∞ (K). Let I K be the group of nonzero fractional ideals of O K and P K be its subgroup of nonzero principal fractional ideals of
For a finite Galois extension K/F with Galois group G := Gal(K/F ), the following notations are used throughout this paper: 
Some results of Yokoi in [8] are translated into function field case by Kang and Lee in [4, §1] when |S ∞ (F )| = 1. It is easy to show that all statements in [4, §1] also hold with some modification even though |S ∞ (F )| > 1. Thus we will only refer their results when we need them.
, where p runs through all finite primes of F .
Proof. (i) See Proposition 1.1 in [4] .
(ii) See the proof of [5, Theorem 1] for the first one. The second one follows immediately from Lemma 1.2 (iii) in [4] .
Let K/F be a finite cyclic extension with G = Gal(K/F ). Let B be any abelian group on which G acts. We denote by Q(B) the Herbrand quotient of B with respect to G. It is well known that Q(Cl K ) = 1 and
Proof. (i) It follows directly from Theorem 1.5 in [4] and definition of H
(ii) See Lemma 1.4 and Corollary 2 in [4] .
(iii) It follows from the fact that n 2 is an integer in [4, Theorem 1.5].
Finite unramified cyclic extension
By the Hilbert class field H F of O F , we means the maximal unramified abelian extension of F in which each p ∞ ∈ S ∞ (F ) splits completely. The Galois group Gal(H F /F ) is isomorphic to Cl F via Artin automorphism, and so
In the following, by a finite unramified cyclic extension of F , we always mean a finite cyclic extension of F which is contained in H F .
Hence we get the result. 
Proof. (i)⇔(ii) It follows immediately from Lemma 2.2 (ii).
(
, and so
Thus we get the result.
(ii)⇔(iv) It follows immediately from Proposition 3.1 (ii). 
Imaginary bicyclic function fields
Let k := F q (T ), the rational function field with constant field F q and A := F q [T ] . We set S ∞ (k) := {∞}, where ∞ is the prime divisor of k associated to (1/T ). For each monic N ∈ A, let K N be the N -th cyclotomic function field and K + N be its maximal real subfield. Fix a prime divisor of q −1. For a monic prime P ∈ A, if | deg(P ), then k( √ P ) is the unique -cyclic real subfield of
is the unique -cyclic totally imaginary subfield of
Let P and Q be fixed monic primes in A with | deg P and deg Q. Set
Proof. At first we note that P is the only finite prime of k which is (totally) ramified in K 
Proof. P and Q are the only ramified finite primes of k which are ramified on K, and e(P, K/k) = e(P, 
. It remains to show that = 1. Since K 1 is the maximal real subfield of K, by Lemma 2.2 in [1], = 1 or . But any primes Q of K 1 lying over Q is totally ramified in K. Thus = 1.
iv), (v) are immediate consequences of Proposition 3.2 and (iii). (vi) Since |Cl
0 F i | = , we have |Cl 0 F i ∩ N K/Fi (Cl K )| = 1 or . Thus |H 0 (G i , Cl K )| = 1 or by Proposition 3.1 (iii). Thus H 0 (G i , Cl K ) = 1 or cyclic group of order .
Corollary 4.3. Let K and F i be as in Theorem 4.2. Then
Proof. Both (i) and (ii) are immediate consequences of Proposition 3.2, Theorem 4.2 and Proposition 3.1. 
and so
and so is odd) , the converse also holds.
Proof. At first, we show that Ker(
by Class field theory. It follows from the exact sequence
Proof. At first, we note that
By Proposition 3.1 (iii) and Theorem 4.2 (iv), |Cl
and so -rank of
Proof. It follows immediately from Theorem 4.4 (ii) and Proposition 4.6. 
Proof. Since Cl K is a finite abelian group, if N K is injective or surjective, then it is an automorphism. The condition that N K is an automorphism is equivalent to the condition that N K is injective and j K is surjective with Remark 4.10. When = 2 (q is odd), if the endomorphism N K of Cl K is injective or surjective (i.e., automorphism), then the -rank of Cl K is equal to 0 (compare to Proposition 7 (iii) in [9] ). Now we consider the case = 2 (q is odd). Then P and Q are monic primes in A of even and odd degree, respectively. Set F := k( √ −P Q) and 
